In this paper, the approximate solutions for quadratic integral equations (QIEs) are given by the variational iteration method (VIM) and homotopy perturbation method (HPM). These methods produce the solutions in terms of convergent series without needing to restrictive assumptions, to illustrate the ability and credibility of the methods, we deal with some examples that show simplicity and effectiveness.
Quadratic integral equations (QIEs) are often applied in the radiative transfer, neutron transport, kinetic theory of gases and in the traffic theories. The QIEs are studied in many papers and monographs (Bana's, et al., 2005; Bana's, et al., 1998; Bana's & Martinon, 2004; El-sayed & Hashem, 2009a; El-Sayed & Hashem, 2009b) . Recently, the different analytical and numerical methods are applied to reach the approximate solutions of QIEs. As there is no exact solutions for the most QIEs, many different kinds of researches are focusing on the effective of QIEs properties like the existence, uniqueness, positive solutions and monotonic solutions of this class of equations (Argyros, 1985; Bana's et, al., 1998; Bana's & Martinon, 2004; El-Sayed & Rzepka, 2006) . There are few papers which have dealt with the numerical solutions of QIEs such as Elsayed (El-Sayed et al., 2010) used the classical method of successive approximations Picard and Adomian decomposition method for solving QIEs, Avazzadeh (Avazzadeh, 2012) used the radial basis functions to obtain the approximate solutions of QIEs of Urysohn's type. (He, 1999a; He, 1999b; He, 2000; He, 2003) was the first one who proposed the VIM and HPM to find the solutions of linear and nonlinear problems. Widely, the VIM is used in the literature in different scientific applications in (Abdou & Soliman, 2005; Abulwafa et al., 2006; He & Wu, 2007) . This method presents significant enhancements over existing numerical and analytic technique like the perturbation, Adomian, Galerkin, finite differences methods, etc. These methods have dealt with ordinary, partial differential equations, the integro-differential equations (IDEs) and integral equations, in a direct way without needing to any specific restriction which may give the closed form of exact solution if there is an exact solution. The VIM has no specific restrictions for nonlinear terms which involve in the equation. The homotopy perturbation method deforms a difficult problem under study into a simple one which is easy to solve. Most perturbation methods assume there is a small parameter, but there is no small parameter at all in the most nonlinear problems. Many new methods are proposed to eliminate the small parameter (He, 1999b; Liao, 1995) . Also, the HPM is employed for solving several kinds of integral equations. Such as, Fredholm, nonlinear Volterra-Fredholm integral equations and Volterra integro-differential equations. The aim of the present paper is extending the application of HPM and VIM to give some approximate solutions for the following QIE where A(t) is given and F (s, x(s)) is any nonlinear functions. We want to point out that this work is applied for first time on these kind of equations.
It is clear that the results reveal the effectively and simplicity for the presented two methods.
Variational Iteration Method
Consider the following differential equation where L and N are linear and nonlinear operators respectively, and g(x) is the inhomogeneous source term
The VIM presents a correction functional for eq.(2) in the following form:
where λ is a general Lagrange multiplier, noting that in this method λ may be a constant or a function, which can be identified perfectly by the variational theory and the subscript n denotes the nth-order approximation, u n is considered as a restricted value that means it behaves as a constant, i.e. δ u n = 0. It was found in (Abdou & Soliman, 2005; Abulwafa et al., 2006; He & Wu, 2007) . the general formula for λ(x) for the nth order differential equation
has the form
The solution given by
Homotopy Perturbation Method
Consider the differential equation (2) with following the boundary conditions where B is a boundary operator, Γ is the boundary of the domain Ω and x ∈ Ω B ( u, ∂u ∂n
The He's homotopy perturbation technique (He, 1999a) , (He, 2000) defines the homotopy ν(x, p) :
or
where x ∈ Ω and p ∈ [0, 1] is an impeding parameter, u 0 is an initial approximation which satisfies the boundary conditions, from eq's. (7) and (8), we have
The p process of changing from zero to unity is just that of ν(x, p) from u 0 to u(x). In topology, this is called deformation,
are homotopic. The solutions of eq. (7) and eq. (8) can be defined as a power series in p
when p → 1, corresponding to (7) becomes the approximate solution is
the convergence of the series (12) has been proved in (He, 1999a; He, 2000) .
Numerical Examples
In this part, we study some examples and apply the VIM and HPM methods for comparison reasons.
Example 1. solve the QIE (El-Sayed et al., 2010)
with exact solution x(t) = t 2 . as beginning we have to convert volterra QIE to an equivalent volterra IDE. We can do this by differentiating two sides of the QIEs, we should used the Leibnitz rule for differentiating the QIEs at the right side.
we can get the initial condition x(0) = 0 by substituting x = 0 in eq. (13), the correction functional for Equation (14) is
We substitute the value of λ(ζ) = −1 in eq. (15) which is identified by the variational theory, also, we can use the initial value x(0) = 0 to obtain the zeroth approximation x 0 (t) and by using Equation (15) we get the successive approximations,
and so on, and the solution given by Table 1 shows the approximate solution for n = 4, also it is obvious that we can improve the accuracy of solutions by computing more terms of the approximate solutions. We can construct the following homotopy according to HPM,
such that g(t) =
substituting (11) into (20) and equating the terms with the same identical powers of p we have
and so on, where H i are He's polynomials of the nonlinear term x 2 , and the solution will be, Table 2 shows the approximate solution for n = 4, also it is obvious that we can improve the accuracy of solutions by computing more terms of the approximate solutions.
Example 2. Solve the QIE (El-Sayed et al., 2010)
with exact solution x(t) = t 3 . as beginning we have to convert volterra QIE to an equivalent volterra IDE. We can do this by differentiating two sides of the QIEs, we should used the Leibnitz rule for differentiating the QIEs at the right side.
we can get the initial condition x(0) = 0 by substituting x = 0 in eq.(25), the correction functional for Equation (26) is
We substitute the value of λ(ζ) = −1 in eq. (27) which is identified by the variational theory, also, we can use the initial value x(0) = 0 to obtain the zeroth approximation x 0 (t) and the solution given by Table 3 shows the approximate solution for n = 3, also it is obvious that we can improve the accuracy of solutions by computing more terms of approximate solutions. We can construct the following homotopy according to HPM,
such that g(t) = , then
substituting (11) into (29) and equating the terms with identical powers of p we have
and so on, where A i and B i are He's polynomials of the nonlinear terms x 2 and x 3 respectively, and the solution will be, Table 4 shows the approximate solution for n = 3, also it is obvious that we can improve the accuracy of solutions by computing more terms of approximate solutions. 
According to the VIM, differentiating both sides of eq.(34) ones with respect to t gives the IDE
The correction functional for eq. (35) is
we can use the initial value x(0) = 0 to obtain the zeroth approximation x 0 (t) and by using the eq.(36) we get the successive approximations 
and so on, and the solution given by
We can construct the following homotopy according to HPM,
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and so on, where H i are He's polynomials of the nonlinear term cos(
) and the solution will be (a) (b) Figure 5 . Approximate solutions by using (VIM) and (HPM) 2e (t+s) H 0 (s)ds,
and so on, where H i are He's polynomials of the nonlinear term ln(1 + s|x(s)|). Figure 6 . Approximate solution by using (VIM) and (HPM)
Conclusion
We have been successfully applied the VIM and HPM to find the approximate solutions for nonlinear QIEs. We have found out that the two methods are applicable and efficient technique, also the HPM is better than VIM in finding the accurate solutions. We have been observing that the accuracy can be improved by computing more n-terms off approximate solutions or by taking more terms in the Taylor expansion of the nonlinear terms. To find the calculations we have used the Maple package (2015) .
